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A generalized mathematical model was developed for 
two-dimensional compressible fluid flow accounting for 
the effects of relative permeability~ capillary pressure, 
and gravity drainage in addition to the reservoir 
properties of rock heterogenity and reservoir geometry. 
The generalized model developed was applied to an 
aquifer gas storage reservoir in which vertical leakage 
occurred from the main reservoir to two adjacent over-
laying zones. The experimental results of Thomas, 
et a1. 11 were utilized in applying the model to gas 
storage injection/withdrawal periods yielding reasonable 
results for the three layers. 
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I. INTRODUCTION 
The purpose of underground gas storage is to pro-
vide a location underground for storing natural gas in 
localities which are far removed from the actual sources 
of the natural gas. The reserves are built up by injecting 
gas into these storage facilities during low demand seasons 
such as late spring and summer. This therefore enables 
gas suppliers to supply peak load demands during the winter 
months. Thus the storage facility undergoes annual cyclic 
• • • • • I ln]eCtlon-productlon perlods. 
One common method of storing natural gas underground 
lS to inject the gas into an aquifer, an underground water 
bearing zone which extends over a distance of miles. 
During the injection of gas, water is replaced by the gas. 
As injection continues, a gas bubble begins to form and 
grows with increasing injections. With the production of 
gas, water encroaches, and the size of the bubble decreases. 
The success of an aquifer gas storage reservolr lS 
dependent upon the quality of its impermeable upper layer, 
the caprock. It is not the low permeability itself that 
establishes a favorable caprock, but the capillary nature 
of the rock which prevents gas from displacing confined 
water from the interstices of the tight rock. 
If leakage is occurring in the reservoir, the cause 
can be a combination of two reasons; either through 
2 
mechanical imperfections at the well and/or through the 
caprock. Mechanical leakage lS caused by either a casing 
leak or a leak in the cement column. In both cases the 
escaping gas leak can normally be corrected by perforating 
d . 9 an squeeze cementlng. 
Caprock leakage lS caused by overpressuring the aquifer 
during the injection of gas when the bubble is still growing. 
When the pressure drop across the caprock exceeds the 
threshold displacement pressure, leakage will occur. The 
gas will continue to escape from the main reservoir and 
collect in permeable, porous zones above. Leakage will 
subside, however, in the winter when the reservoir pres-
sure drops below the original aquifer pressure. The 
caprock will then be capable o£ maintaining a partial 
seal, but the caprock will never be restored to its orig-
. l d. . ll lna con ltlon. 
The use of a leaking gas storage reservoir normally 
lS not economically feasible. A possible exception is 
the case in which the gas that escapes from the main res-
ervoir can be recovered from an upper zone. 
The solution of aquifer gas storage reservoirs by 
mathematical simulation techniques has been studied 
. 5 7 12 prevlously. ' ' These presentations, however, did not 
predict pressures during the injection and withdrawal cycles. 
Their main concern was the initial development of a field 
and the final depletion of the project, neglecting the 
3 
behavior during the reservoir's seasonal cyclic injection 
and production periods. No work has been presented 
predicting the behavior of a gas storage reservoir 
accommodating leakage of gas into adjacent zones. 
In the works cited, however, the methods of solution 
were all of the same type: that of the Alternating-
Direction-Implicit Procedure (ADIP or ADI), as presented 
by Peaceman and Rachford. 10 ADI has been previously 
compared with other solution techniques and is generally 
accepted as being superior for two phase flow. 2 ' 3 ' 4 
The purpose of this study is to develop a two-
dimensional, two-phase mathematical model that simulates 
the performance of a gas storage project which includes 
multiple zones with leakage between zones. The model is 
used to simulate an actual field situation, and the ability 
to do this successfully is considered an adequate basis 
13 
to validate the model. 
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II. THEORETICAL DEVELOPMENT 
The derivation of equations for simulating pressure 
and fluid distributions in a porous, permeable medium is 
accomplished by making a mass balance about an elemental 
cell of the medium, such as that shown in Figure (1). If 
a finite number of these blocks, each having individual 
fluid and rock properties, are combined as in Figure (2), 
the complete reservoir can be simulated by applying the 
law of mass conservation for each discrete element. 
balance can be stated as follows: 
mass rate 1n - mass rate out = mass rate of 
accumulation. 
For a single phase: 
and, 
mass rate 1n = (q~~x + + pQinj 
mass rate out = mass rate 1n + L (qAp' 6x 
ax (:3 I 
+ ~ (qAp) b.y 





The change of mass rate in and mass rate out 1n any 
block can then be represented by the following equation: 
'ie 
mass rate 1n - mass rate out = pQ .. ln] 
Definition of terms are given in Appendix D 
5 
h 
i 'j = k 
4--------!J.x 









Substitution of Darcy's Law for the volumetric rate oi 
flow at reservoir conditions for a single phase yields: 
in - out = I:J.xi:J.y .E__(khp .£..!) +i:J.xi:J.y L(khp a<I>\ 
ax ~B ax ay ~B ayj X y 
+ Q. . p • lnJ ( 5) 
By ignoring the rock compressibility, the mass accumu-
lation term may be represented as: 
mass accumulation = h!:J.xi:J.y¢p 8(S/S) 
at 
Taking the derivative of Equation (6) with respect to 
time yields: 
mass accumulation 
If Equations (5) and (6a) are equated, the resultant 
equation, as expressed for the water phase, is: 
( 6) 
(6a) 
( 7 ) 
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Rearranging Equation (7) and simplifying gives the 
following result: 
+ 





An equation such as Equation (7a) exists for the gas 
phase too, except that the gas balance contains an 
additional term that accounts for the solubility of 
gas in water. The solubility is a function of pressure. 
The additional term expressing the mass rate of gas 
evolution is written as follows: 
solution gas = 
The equation for gas can now be written: 
13 a (krkh a <P) + 13 L (krkh a<P) 
g ax ]JS ax g ay ]JS ay g g 
- S hS ¢ 
aRs (C)P) " ~h usg g w 
sw aP at at 
where Q is a production rate. g 
¢hS ~}aP) g 
sg aP at 
13gQg 
/1x/1y 
Since the sum of the water saturation and gas 
saturation is equal to unity at all times, the time 




zero, as illustrated below: 
(10) 
Adding Equations C7a) and (9) and simplifying 
produces a composite equation based on the mass balance 
for the two phases: 
Sw .L [krkh ("<~>~ + sg a (krkh a~) 
ax J.lf3 ax ax J.lf3 ax g w 
+ s 2__ ( krkh a~) + sg L(krkh ~) w 
ay J.1S ay w ay J.lS ay g 
- h<f> sw ~ aRs (ap) QgSg + QwSw = 
sw aP at !::,.x!::,.y 
Equation (ll) cannot be solved in its present form 
because it contains two dependent variables, ~ and 
w 
~ . This difficulty can be circumvented by referring g 
(ll) 
the potentials to a common base point. The point chosen 
is the pressure in the gas phase. The technique for 
accomplishing this is developed below, with the first 
step being the proper defining of the potentials 1n 
terms of phase pressures and gravity terms. The water 
potential may be written as follows: 
(12) 
and the gas potential as: 
~ = p - p gz g . g g 
Considering capillary pressure as part of the 
potential term relates the water pressure, P , to the 
w 
gas pressure, P . g If the dependent variable P is 
defined as the pressure in the gas phase (i.e. P=P ), g 
then capillary pressure, P , may be expressed as: 
c 
or, 
= p g 
p = p - p 









by substituting Equations (12), (12a), and (13a) yields 
the final relationship to be solved. This relationship 
is presented separately on page 11· The equation is 
consistent in c.g.s. units. 
Equation (14) is a non-linear, second order partial 
differential equation with variable coefficients which 
are dependent upon pressure and saturations. Appendix (A) 
describes the results of the application of finite 
difference techniques to equation (14) and the obtaining 
of coefficients necessary for the solution of Equation (14) 
by the Alternating Direction Implicit Procedure. 
~g a (krkh ap) + sg a (krkh ap) + sw a (krkh aP) + Bw L ( krkh ap) 
ax JJB ax ay JJB ay ax ]:i""S ax ay JJB ay g g w w 
- 6 a (krkh dP c) _ Bw a ( krkh dP c) _ Bw !.._ (krkh .L (pz)) F -w ax 118 dx ax JJ6 ax w Cly ~ dy w w 
Sw ~ erkh ~ (pz~ F sg ~ (krkh ~ (pz)) F B ~ (krkh ~ (pz' F = 
ay JJS ay ax JJB ax g ay JJB ay w g g 
(14) 
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III. DISCUSSION OF RESULTS 
Finite difference equations describing pressures and 
saturations were developed to represent the partial differ-
ential equations derived in the previous section. These 
equations are necessary since an analytical solution is 
not obtainable; however, the finite difference equations 
are solvable with the aid of an IBM/50 digital computer. 
The conversion to finite difference form is given in 
Appendices A and B. 
A. Reservoir Development 
Table I shows a typical development schedule of an 
aquifer gas storage project from the initial storage of 
gas 1n 1954 until the initial withdrawal of gas 1n 1961. 
During this development period, 10,708 MMCF of gas were 
injected into the reservoir. It was assumed that the 
total injection was evenly distributed among the seven 
years. 
Initial aquifer pressures were determined from gravity 
differences between grid points and a measured pressure 
(the original aquifer pressure) at a known position. 
After calculating initial pressures throughout the 
reservo1r, the storage phase was developed by simulating 
a constant rate of gas injection into Zone C, the main 
reservoir, for the first seven years. Then the schedules 
given by Table I and Figure 4 were followed. 
Table I Injection and Withdrawal History 
of the Storage Project CMMCF) 
Year(s) Injection Withdrawal 
1954-60 10,708 0 
1961 929 50 
1962 2,666 834 
1963 4,004 2,891 
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Figure 4 Reservoir Gas Content From January 1, 1965 
to October 1, 1969 
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B. Layered Model 
The total reservoir 1s subdivided into three zones 
as shown in Figure 3. Each zone's physical properties 
are presented in Appendix F. 
Part of the gas injected into Zone C 1s assumed to 
migrate to Zone B, where, in turn, part of that migrates 
and collects in Zone A. Each zone is treated as a separ-
ate reservoir with the behavior of the main reservoir 
influencing the behavior of the A and B zones (see Figures 
2 and 3). In both the reservoir and the model that 
simulates the reservoir's behavior, gas is injected only 
into the main reservoir; however, all three zones are 
produced. 
C. Vertical Loss 
Gas is leaking from the reservo1r either behind the 
casing of the well bore, through the caprock, or a 
combination of these. Whatever the case, the fact that 
gas loss from the main reservoir to Zone B, and from 
Zone B to Zone A, has been established. The quantity 
of gas leaking from Zone C is assumed to be a function 
of time, reservoir pressure, and seasonal production/ 
injection characteristics, and has been established by 
material balance calculations. Figure 5 represents the 
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Figure 5 Gas Leakage from Zone C as a Function of Time 
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11 Based on the experimental work of Thomas, et al. , 
it was asstimed that leakage during any season does not 
occur for pressures below a specific value; nor does 
loss occur until the reservoir pressure during the 
injection season reaches a certain magnitude. Further-
more, when the pressure in the B Zone was higher than 
the C Zone pressure, gas leakage did not occur. Thus, 
if there is a potential gradient between two zones 
directed upward, gas loss occurs according to Figure 5. 
Conversely, if the potential gradient is directed 
downward, the gas loss is zero. The same assumptions 
are valid for leakage from Zone B to Zone A. The fact 
that reservoir pressures were reasonably matched using 
the above assumptions justifies the use of those criteria 
in the model. 
D. Reservoir Pressure Solution 
Figures 6, 7, and 8 represent the reservoir history 
matches for Zones A, B, and C from July 1, 1967 to 
July 1, 1968. A reasonable match was obtained. The 
reservoir pressure from July 1, 1968 to July l, 1969 for 
Zones A, B, and C was then predicted and is presented 
in Figures 9, 10, and 11. These results are based upon 
the field/model parameters which gave the best agreements 
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Figure 11 Pressure Prediction for Zone C from July 1, 1968 to July 1, 1969 
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From Figures 9, 10, and 11 it can be seen that the 
calculated pressure curves are not as receptive to 
inflection points as the observed pressures. This can 
be explained by the inherent smoothing tendency of the 
model caused by time steps that combine injections and 
withdrawals. 
Minimum calculated pressures ln the zones for the 
peak production season are generally not as low as those 
observed for the field. An explanation arises from the 
fact that water production rates were not available; 
consequently, not enough water was theoretically produced 
during the winter season causing higher than expected 
reservoir pressures to be predicted. 
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IV. CONCLUSIONS 
The model developed by this paper describes in detail 
a two-dimensional layered mathematical model simulating 
a gas storage reservoir accounting for leakage effects. 
Th . ll e experlmental results of Thomas, et al. , were 
used as a basis for simulating leakage from the main 
reservoir. Leakage during any season does not occur for 
pressures below a specific value; nor does loss occur 
until the reservoir pressure during the injection season 
reaches a certain magnitude. Due to the segregation 
effects of gas and water, no leakage occurred from Zone B 
to Zone C or from Zone A to Zone B. 
It was concluded that a stable two-dimensional 
layered model simulating leakage in a gas storage reser-
voir is technically feasible and practical by the model 
developed in this paper. It was further shown that such 
a model study gives a continuous account of the location 
of gas among the zones. Of course, this implies that 
planning can be carried out for a variety of possible 
demands on the facility. Whereas the material balance 
technique can be used to locate gas at a given time in 
the field, it is not useful in predicting future operations. 
Thus, the mathematical model ~imulation provides a tool 
for future planning of a gas storage operation which was 






1. Pressure Equations 
Applying a forward difference approximation to 
Equation (14) converts the non-linear equation into 
a solvable difference equation of the type shown for 
the x and y directions: 
AX Pn+~ BX Pn+~ n+:k: + + CXkPk+l = DXk k k-1 k k (A-1) 
and for the y direction, 
AY pn+l 
k k-M + 
BY pn+l 
k k + 
n+l 
CYkPk+M = DYk (A-2) 
where the coefficients 1n Equations (A-1) and (A-2) are 
defined as follows: 
n+~ 
( Swk Mwk_, + SgkMgk_, ) ; (A-3) 
(A-4) 
( s c -w w (A-5) 
(A-6) 
See Figure 2 
(13 Q + a Q )n+~ 









13 · [HKXk(M p ) ( zk+l - zk) 







13 gk I HKY k ( M p ) ( zk+ M- zk) 
b.y. L g g k+M/2 
J 
HKYk-M(M p ) ( zk - zk-M)J F 













The coefficients AY, BY, and CY are defined ln a 
manner analogous to the coefficients for the x direction, 
and: 
DYk = + (AX + CX - TERM) Pn+~ k k 
2. Boundary Conditions 
No-flow conditions are specified in the model such 
that HKX and HKY are equal to zero at the outer rows 
and columns. In effect, a zero permeability is assigned 
at the boundaries insuring that the entire reservoir 
studied is confined within the model. This is reflected 
in the A, B, C, and D coefficients. 
3. Pressure Solution 
The standard Alternating Direction Implicit 
Procedure was used to solve Equations (A-1) and (A-2). 
Completion of this solution for a time step yields the 





The method for determining saturations at a new 
time level is based on the Law of Conservation of Mass. 




n The term Sk is the old saturation at the block ~n 
question, and ~Sk is defined as follows: 
Sk = mass in - mass out - mass produced 
(pore volume)(density) (B-2) 
Utilizing Darcy's Law for the first two terms ~n the 
numerator of Equation (B-2) yields: 
and, 
mass in X 
mass out X ; 
Similar expressions exist for they direction. 
(B-4) 
(B-5) 
Summing the above equations for the water phase in the 
x and y-directions results in a change in water saturation 
described by Equation (B-6): 
33 
t.t s 
w ~t.y.HKXk 1 p M (¢ - ¢ ) J - wk 1 wk 1 wk wk-1 
-"2 -"2 
+ t.x.HKYk Mp M (¢ - ¢ ) 
1 
- wk-M/2 wk-M/2 wk wk-M 
( B-6) 
where ¢w is defined in Appendix C. 
An analogous expression exists for the change 1n 
gas saturation with the addition of a solution gas term 
which is approximated by: 
solution gas = 
(B-7) 
The expression for gas is then: 





The potential, ~ , where the subscript r denotes 
r 
the phase, of a particular phase is defined below for 
the co-ordinate system used in this work; i.e. , z is 
positive downward. 
34 
~ = P -p gz ( C-1) 
r r r 
Capillary pressure 1s written as follows for a gas-water 
system: 
p = p - p (C-2) 
c g w 
Defining the dependent variable, P, as the pressure in 
the gas phase, the potential for the water phase is 
written as follows: 
~ = p - p -p gz ; 
w c w 
(C-3) 
and that of the gas phase 1s therefore: 
(C-4) 
Use of the above forms of potential allows the 
potential gradients to be separated as shown in Appendix 
A in such a way that the pressure equation contains only 
one dependent variable, P. The other terms in the 
gradients, those representing gravity effects and 
capillary pressure, are then carried as semi-explicit 






¢ = porosity, fraction. 
D. = difference. 
~ = pressure potential, atm. 
S = formation volume factor, res. vol./std. vol. 
p = density, gm./std. cc. 
~ = viscosity, cp. 
Uppercase Letters 
R = solubility of gas ~n water, std. cc./std. cc. 
s 
S = saturation, fraction. 
p = reservoir pressure, atm. 
Q = flow rate, cc./sec. 
p = capillary pressure, atm. 
c 
A = cross sectional area, sq. em. 
M = number of blocks ~n the X direction. 
N = number of blocks in the y direction. 
PV =pore volume, res. cc. 
-4 F = 9.68lxl0 , converts mass per unit area 
(gm./sq.crn.) to force per unit area (atm). 
Lowercase Letters 
x = length, em. 
y = width, em. 
h = thickness, em. 
z = depth, em. 
t = time, sec. 
q = flow rate, res. cc./sec. 
c = compressibility factor, 1/atm. 
kr = relative permeability, ratio. 
k = absolute permeability, darcys. 
Superscripts 
n = present time level. 
Subscripts 
inj = injection. 
w = water. 
g = gas. 
r = rock. 
we = irreducible water. 
gc = reducible gas. 
l = x-direction notation. 
J = y-direction notation. 
k = block notation determined 




i and J locations. 




l. Relative Permeabilities 
The effective permeability equations as presented 
by Gottfried 6 were modified to yield relative permea-
bilities. The permeability to gas equation was normalized 
such that at reducible gas saturation the permeability 
to gas was zero. For S .::> S 
w we 
s s 4 k -= w we 
rw 1 s 
we 
; 
k = s3 ( 2 - s - 2S ) 
rg g g we 
(1 - s 
we 
)4 
For s <S 
w we 
k = 0 
rw 
s3 ( 2 - s - 2S ) k = g w 
rg g )4 (1 
- s w 
l :gc] m k k -= g rg rg 1 gc 
where m is an arbitrary integer. 
2. Viscosities 9 
0.01045 -5 p j.lg = + 1.785xl0 









where ~ is expressed ln centipoises and P lS defined 
ln atmospheres. 
3. Solubility of Natural Gas in Water 8 




where R has units of std. cu. ft./std. bbl., and P lS 
s 
measured in atmospheres. 
4. Formation Volume Factors 1 
a = 0.9965 - 2.060xl0-S P ~w 
' 
= 1.063 (0.982 - l.608xl0- 3 P) 
p ; 
where S is a ratio of res. vol. to std. vol., and P 







A B c 
Average Thickness, ft. 20.0 40.0 120.0 
Porosity, percent 12.0 9 . 0 18.4 
Permeability, md. 150 60 400 
Connate Water Saturation 0.20 0.20 0.20 
Irreducible Gas Saturation 0.35 0.35 0.25 
Reservoir Temperature, °F 80 82 82 
Gas Properties 
Gas Gravity 0.64 0.64 0.64 
Critical Pressure, psia 658 658 658 
Critical Temperature, OR 353 353 353 
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